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Abstract. Let A" be a subset of an abelian group and ai, . . . , a^, o^, . . . , al 

a sequence of 2h elements of A such that 01 H h ah — a\ H h a'u ■ The set 

X is a Sidon set of order h if, after renumbering, ai = a' t for i = 1, . . . , h. For 
k < h, the set A is a generalized Sidon set of order (h, k), if, after renumbering, 
ai = a£ for i = 1, . . . , k. It is proved that if A is a generalized Sidon set of 
order (2h — 1, h — 1), then the maximal Sidon sets of order h contained in X 
have the same cardinality. Moreover, A is a matroid where the independent 
subsets of A are the Sidon sets of order h. 



1. An extremal problem for Sidon sets 

Let A be a subset of an abelian group T. Two /i-tuples (ai, . . . , a/j) and (ai, . . . , a' h ) 
of elements of A are called equivalent, denoted 

(oi, . . . ,an) ~ (ai, . . .,a' h ), 

if there is a permutation cr of the set {1, . . . , h} such that a\ = a a u\ for i = 1, . . . , h. 
If the /i-tuples (ai, . . . , ah) and (ai, . . . , a' h ) are equivalent, then a% + • • • + ah — 
a[ H + a' h . We write 

(oi, . . . ,a h ) t 6 ( a i, ■ ■ - ,<4) 
if the /i-tuples (ai, . . . , a/j) and (ai, . . . , a' ft ) are not equivalent. 

The h-fold sumset of A, denoted hA, is the set of all elements of T that can be 
written as the sum of h elements of A, with repetitions allowed. For every leT, the 
representation function rA,h{x) counts the number of inequivalent representations 
of i as a sum of h elements of A, that is, the number of equivalence classes of 
/i-tuples (ai, . . . , ah) such that x = a 1 + ■ ■ ■ + ah- 

The set A is called a Sidon set of order h or a Bh-set if every element of the 
sumset hA has a unique representation as the sum of h elements of A, that is, if 
fA,h{x) = 1 for all x 6 hA. This means that if ai, . . . , a^, ai, . . . , a' h £ A and 

fti + h a h — ai + \- a' h , 

then (ai, . . . , a^) ~ (ai, . . . , a' h ). A Sidon set is a Sidon set of order 2. 

Let X be a subset of the group T, and denote by Bh(X) the set of all finite 
-B/j-sets contained in X. Every set is a -Bi-set, and 

B h (X) C B h _ipO C • • • C B 2 (X) C Bi(X). 

Moreover, 

{a} e B ft (X) for all a G X and tt > 1. 
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If A is a Sidon subset of order h contained in the group T, then for every x£T 
the translation x + A = {x + a:aE A} and the reflection x — A = {x — a : a <E A} 
are also Sidon sets of order h. 

A classical problem in combinatorial and additive number theory is to determine 
the cardinality of the largest Sidon set of order h contained in the interval of integers 
{1,2, ... ,n}. More generally, if X is a finite subset of the integers or of any abelian 
group r, it is an open problem to estimate the maximum cardinality of a Sidon set of 
order h contained in X. Every _B^-subset of a finite set X is contained in a maximal 
-B/i-set, but there can be maximal Sidon sets of different cardinalities contained in 
X. For example, in the interval {1, 2, 3, 4, 5, 6, 7}, the sets {1, 3, 6, 7} and {1, 2, 5, 7} 
are the two maximal Sidon subsets of size 4, but there are also exactly 18 maximal 
Sidon subsets of size 3, for example, {1,3,4}. Erdos and Turan PJ proved that the 
maximum size of a Sidon set of order 2 contained in {1, 2, . . . , n} is n 1 / 2 + o (n 1 / 2 ) . 
Ruzsa has constructed maximal Sidon subsets of this interval of cardinality 
<C (rtlogn) 1 / 3 . (See Martin and O'Bryant A for constructions of finite Sidon sets 
of integers and O'Bryant |S] for a survey of the recent literature.) 

The purpose of this paper is to describe a class of finite sets, called B2h-i.h-i~ 
sets, in which all maximal Sidon sets of order h have the same cardinality. Indeed, 
we shall prove that every _B2/i-i,/i-i-set is a matroid in which the B^-sets are the 
independent sets. A maximal independent set in a matroid is called a basis, and 
all bases in a matroid have the same cardinality. 

2. Generalized Sidon sets of order (h, k) 

Let A be a subset of an abelian group T. Let h and k be positive integers with 
k < h. The set X is called a generalized Sidon set of order (h,k) or a B^^-set if, 
whenever oi, . . . , an, a'i, • • • , a'h £ X and 

(1) a\ H h a/i = a'i H h a' h , 

there exist sets 1,1' C {1, ... , h} with |/| = \I'\ = k and a one-to-one map r : I' — > / 
such that a' ir = a r (i') for all i! € Let J = {1, . . . , h} \ I and J' = {1, . . . , h} \ I'. 
Then |J| = |J'| = h— k. Since A is a subset of the group T, it follows by subtraction 
that 

( 2 ) 5Z a J = a i'- 

The Sidon sets of order h are precisely the B^/i-sets. 

A simple example of a i?3.i-set that is not a i?3-set is {1, 2, 3}. Indeed, 

{1,2,3} GB ah _i J i(Z)\B 2h _i, 2 (Z) 

for every h > 2. Another example of a i?3.i-set is {1, 14, 19, 20, 25, 38}. 

Let Bh,k = Sft, : fe(r) denote the set of all finite B^^-sets in F. It follows from Q 
and (J2J that if A is a -B^/^-set and also a B^-k-set, then A is a Bh-set. Conversely, 



if A is a Bh-set, then A is both a -B^fc-set and a B^_fc-set. Therefore, 

(3) B h = B (M) n B h - k 
for k = 1, . . . , h. In particular, for h > 2 we have 

(4) B 2h -i = £(2fc-i,fc-i) n B h . 



Thus, if A is a B/j-subset of a B 2 / l -i,/ l -i-set, then A is a B 2 h-i-set. 
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Similarly, if k and £ are positive integers and k + £ < h, then 
(5) Bh,k = Bh.e n Bh-i.k-t 



for < £ < k < ft. It follows that 

(6) B 2 h-1M-1 ^ B 2 h-k,h-k 

for 1< k < ft - 1. 



Let X be a subset of an abelian group T. We have 
(7) B h . h {X) C • • • c B h ,fc+i(X) C B hlfc (X) c • • ■ c B hA (X) 



for fc = 1, . . . , ft — 1. In the group Z of integers, if g > ft, then every finite subset 
of the set {g z : i = 1, 2, 3, . . .} is a -B/j-set, and so -B^^-sets exist for all ft > 1 and 
k = 1, . . . , ft. However, not all of the set inclusions in (JZJ) are proper. 

Theorem 1. Let X be a subset of an abelian group T. If h > 2 and k > h/2, then 



B h (X) = B htk (X). 

Proof. It suffices to show that Bh,k+i(X) = Bh,k(X) if h/2 < k < h — 1. 

If B h ,k+i(X) ^ B h ,k{X), then there is a set A g B h}k (X) \ B h ,k+i(X) and there 
are elements oi, . . . , cih~k, a>'\, ■ ■ ■ , a 'h-k ^ ^ such that 



The inequality h/2 < k < h — 1 implies that 1 < h — k < k. By the division 
algorithm, 

ft = g(ft — fc) + r, 

where <? > 1 and 0<r<ft — fc. It follows from (JSJ that 

qai + ■ ■ ■ + qa h _ k + ra* = qa[ + • ■ ■ + qa' h _ k + ra* 

for any a* G A. Each side of this equation is a sum of ft elements of A, but the 
two sides have only r < ft — k < k common summands. This is impossible if 
A e Bh,k(X), and so Bh, k +i{X) = Bh,k(X). This completes the proof. □ 

Dias da Silva and Nathanson pj] have constructed nontrivial generalized Sidon 
sets of order (2ft — 1, ft — 1) for all ft > 2. 

We remark that if B hik (Z) \ B M+1 (Z) ^ 0, then B htk {Z) \ B Kk +i{Z) contains 
arbitrarily large finite sets of integers. 

Theorem 2. Let 1 < k < h/2. If A is a finite set of integers in Bh.k \ Bh,k+i and 
b > ftmax(A), then A U {b} G B h , k \ B h , k +i- 

Proof. Let A* = A\j{b}. Let < r < s < ft and let {aj^f and {a-}' 1 ^ 8 be subsets 
of A such that 



We must show that at least k summands on the left are the same as k summands 
on the right. If < r < s < ft, then 



(8) 



a i H 1- a>h-k = a'i H h a^-fe 



and 



{ai, . . . , a ft _fc} n {a' 




h—r 



h—s 
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which is absurd. Therefore, r — s and 

h—r h—r 
i=l i=l 

If r > k, we are done. If r < k, then A e Bh,k ^ Bh- r .k-r implies that k — r 
summands on the left are the same as k — r summands on the right, and so Au{6} G 
B h<k . 

li A ^ B h ,k+iCZ), then A U {b} g B h . k+l {Z). This completes the proof. □ 
3. Maximal Sidon sets of order h 

Let X be a subset of an abelian group T. A double representation of length £ in 
X is a sequence a\, 02, • • • , cli, a'i, a 2 , • • • , a\ of 2£ not necessarily distinct elements 
of X such that 

(9) ai + a 2 + • • • + a e = a[ + a' 2 + ■ ■ ■ + a' e 

and 

(<zi, . ..,at) ^ ( a i, ■ ■ 

There exists a double representation of length h in the set X if and only if X is not 
a B/j-set. 

The double representation is called proper if 

{ai,a 2 , . ..,ae}D {a' x ,a' 2 , ...,a' l } = %. 

If © is a double representation of length £, then we can cancel elements that appear 
on both sides of the equation, and obtain a unique proper double representation of 
length £', where !<£'<£. 

Lemma 1. Let h > 2 and let X be a finite B2h-i,h-i-subset of an abelian group 
T.If 

a\ + a 2 + ■ ■ ■ + at = a[ + a' 2 + ■ ■ ■ + a' e 
is a proper double representation of length £ < 2h — 1, then £ = h. 

Proof. By © we have 

$2/i-l, ft-l C Blh-k,h-k 

for fc = 1, 2, . . . , h - 1. If /i + 1 < I < 2h - 1, then 

£ = 2h- k, 

where 

1 < k < h- 1. 

Since 

A G B2h-k,h-k 

and /i — fe > 1, it follows that o! i = aj for some z, j S {1,. ..,£}, which contradicts 
the hypothesis that the double representation is proper. Therefore, £ < h. 

Suppose that £ < h — 1. By the division algorithm, there exist integers q and r 
such that 

2h-l = q£ + r 

and 

0<r<£~l<h-2. 

Then 

gai + ga 2 + • • • + qa?, = qa\ + qa' 2 + ■ ■ ■ + qa' g 
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is a proper double representation of length ql, where 

h + 1 < q£ = 2h - 1 - r < 2h - 1, 
which is impossible. Therefore, £ = h. This completes the proof. □ 

Lemma 2. Let h > 2, let X be a finite B2h~i,h-i~subset of an abelian group T, 
and let A be a maximal B^-subset of X . For every 

x e X \ A, 

there is exactly one proper double representation with elements in A U {x} and of 
length at most 2h — 1. 

Proof. Since A is a maximal B^-set contained in X, it follows that A U {x} is not 
a -B/j-set, and so there exists a double representation of the form 

ux + a\ + ■ ■ ■ + dh-u = vx + a[ + a' 2 + ■ ■ ■ + a' h _ v . 

Let u > v. Subtracting equal elements that appear on both sides of this equation 
and renumbering the elements that remain in the equation, we obtain a proper 
double representation of length £ < h. By Lemma ^ we must have £ — h, and so 
v = 0, there is no cancelation, and the proper double representation is be of the 
form 

(10) ux + ai + ■ ■ ■ + a h _ u = a[ + a' 2 + ■ ■ ■ + a' h . 
Suppose that w > 1 and 

(11) wx + 6iH \- b h _ w = b[ + b' 2 -\ +b' h 

is also a proper double representation of length h in AU {x}. Adding equations 11U|) 
and we obtain 

ux + ai + ■ ■ ■ + ah-u + b[ + b' 2 + ■ ■ ■ + b' h = wx + a[ + a' 2 + ■ ■ ■ + a' h + bi + ■ ■ ■ + bh-w 

If it = w, we obtain the relation 

ai + ■ ■ ■ + a h - u + b[ + b' % + ■ ■ ■ + b' h = a[ + a' 2 + • • • + a' h + h + ■ ■ ■ + b h - u , 

where all of the summands belong to the B^-set A. It follows that every term 
on the left appears on the right, and conversely. Since aj ^ for all i and j, we 
must have a bijection between the sets {a\, . . . , ah- u } and {b\, . . . , bh- u }- Similarly, 
there is a bijection between the sets {a[, . . . , a' h } and {b' 1: . . . , b' h }, and so the double 
representations (fTUfl and (fTT|> are equivalent. Thus, for every positive integer u there 
is at most one proper double representation of the form (|10|l . 
If u < w, we obtain the double representation 

&! + ••■ + a/j_ u + b[ + b 2 + ■ ■ ■ + b' h = (w — u)x + a[ + a' 2 + ■ ■ ■ + a' h + bi + ■ ■ ■ + b h - w . 

Cancelling elements that appear on both sides of this equation, we obtain a proper 
double representation of the form 

(w - u)x + ai H h an-w+u =a' 1 +a' 2 -\ V a' h , 

where w — u > 1 and {a±, . . . , a^-w+ut a ii a 2i ■ ■ ■ i a h\ — A- We call this process the 
"subtraction algorithm." 

Let u be the smallest positive integer for which there exists a proper double 
representation of the form 11U|) . Suppose that there is a proper double representa- 
tion of the form for some integer w > u. By the division algorithm, we write 
w = qu + r, where < r < u. If r > 1, then iteration of the subtraction algorithm 



6 



J. A. DIAS DA SILVA AND MELVYN B. NATHANSON 



above yields a proper double representation in which the clement x appears exactly 
r times, which contradicts the minimality of u. It follows that u must divide w. 
Moreover, if there exists a proper double representation for some w > u, then the 
subtraction algorithm produces a double representation with w = 2u. Thus we have 
proper double representations of the form 

(12) ux + ai + 1- dh-u = a'i + a 2 + • • • + a' h 

and 

(13) 2ux + h-\ h &h-2u = b[ + b' 2 H \-b' h , 

where 

{oi, . . . , a h -u} n {ai, . . . , a' h } = 

and 

{&!,..., b h - 2u }n{b' 1 ,b' 2 ,...,b' h } = ®- 

Adding equations (|12[l and (|13fl and cancelling ux, we obtain the following double 
representation of length 2h — u: 

ux + a[ + a' 2 + ■ ■ ■ + a' h + bi + ■ ■ ■ + b h _ 2 u = o-i + h + + b' 2 + ■ • • + b' h . 

After subtracting h — u equal terms on both sides of this equation, we must obtain 
the proper double representation JT2J|. This means that on the left side we must 
have ai + a 2 + ■ ■ ■ + ah- u - Since 

{oi, . . .,a h - v } n {ai,a 2 , ...,a' h } = 0, 

it follows that the sequence (di, . . . , ah-u) is equivalent to the sequence (bt, b%, . . . , bh 
which is absurd since h — 2u < h — u. This completes the proof. □ 

Lemma 3. Let h > 2, and let A be a maximal Bh-subset of the B 2 h-i,h-i- se t X . 
Let x € X \ A, and let 

(14) ux + di + 1- ah-u = a[ + a 2 + ■ ■ ■ + a' h 

be the unique proper double representation of length h with elements in A U {x}. 
For every 

a* e {ai, a 2 , . . . , an-u, a ' x ,a' 2 , . . . , a h }, 

the set 

(AU{x})\{a*} 

is a Bh-set contained in X . 

Proof. If (A U {x}) \ {a*} is not a Bh-set, then there must exist a positive integer 
v and elements b\, . . . ,b v ,b' l , . . . ,b' h & A \ {a*} such that 

(15) vx + h H + 6 A _„ = 6i + b' 2 H h b' h 

is a proper double representation in X. Then (|14|) and (|15f) are different proper 
double representations of length h in X, which contradicts Lemma [3 □ 

Theorem 3. Let h > 2, and Zet X be a finite Bih—\,h—\-sei contained in the abelian 
group r. Then the maximal Bh-subsets of X have the same cardinality. 
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Proof. Let A4h(X) be the set of maximal B/j-sets contained in X, and let 

m = max{|C| : C £ 

We must prove that C| = m for every C £ A4/i(A). 

Let C £ .M/i(X), and let C* be the largest subset of C that is contained in 
a Bh-set A of cardinality m. If C* — C, then the maximality of C implies that 
C = A, and so \C\ = m. If C* ^ C, then there exists s £ C \ A. By the maximality 
of A, the set Au{s} is not a -8/,,-set, and there exists a proper double representation 
of the form 

ws + ai H h ah— ^ = H h a^, 

where 

{s, ai, a 2 , . . . , a,j_ n } n {a' 1; (4, . . . , a',J = 0. 

If 

(16) {ai, a 2 , . . . , a,h-u, a \, a 2i ■ ■ ■ i a 'hi C C* C t4, 

then (Unj) is a proper double representation of length h with elements in C, which 
contradicts the fact that C is a -B/j-set. Therefore, there exists an element 

a* £ {oi, a 2 , ■ ■ ■ , a^_„, a' 1; a 2 , . . . , a' h } \ C* . 

By Lemma the set 

(AU{s})\{a*} 

is a _B^-set contained in X, and 

C*U{s} C (Au{s})\{a*}. 

This is impossible, since 

C* U {s} C C, 
|C*U{s}| = |C*| + 1, 

and 

|(AU{ S })\{a*}| = |A|=m. 
Therefore, C* = C. This completes the proof. □ 



4. MATROIDS OF i?/,-SETS 

A matroid M — M[X,T) consists of a finite set X and a collection I of subsets 
of X that satisfy the following properties: 

(i) G X, 

(ii) If _B £ X and AC B, then A el, 

(iii) If A, B el and L4| < then there exists b £ B\A such that Au{6} £ 1. 

The members of X are called the independent sets in X. A feasis for X is a maximal 
independent set. Condition (iii) implies that all bases have the same cardinality. 
The rank of the matroid M is the cardinality of a basis for M. 

Theorem 4. Let h>2, and let X be a finite B2h-i,h-i-subset of an abelian group. 
Letl be the collection of B^-sets contained in X . Then M = M{X,1) is a matroid. 
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Proof. Every subset of a -Bfc,-set is a Bh-set, and the empty set is also a Bh-set. We 
must show that if A and B are B^-subsets of X with \A\ < \B\, then there exists 
b e B \ A such that A U {b} is a B h -set. 
Let 

X' = AUB. 

Then X' is a B 2 h-x, h-x-subset of X. Let m be the cardinality of the maximal 
-Bfr-subsets of X' . Let A* be a maximal B^-subset of X' that contains A. Then 

|A| < \B\ <m=|A*|, 

and so there exists an element 

beA*\ACX'\A = B\A. 
Then A U {b} C A*, and so A U {6} is a Bh-set. This completes the proof. □ 

Let M = M(X, I) be a matroid. For every positive integer k, let X^ k ' be the set of 
all unions of k independent subsets of X, that is, all sets of the form Ix U I 2 iJ- • -U/fc, 
where h,I 2 ,...,I k € X. Then = M(X,jW) is also a matroid on the set X 

(Welsh [7| Section 8.3]). We denote the rank of the matroid AfW by p k . Then p k 
is the cardinality of the largest subset of X that can be written as the union of k 
independent sets in X . 

The covering number of a set S contained in X is the smallest integer k such 
that S can be written as the union of k independent subsets of X. If {x} e X for 
every x G X, then the covering number exists, and the covering number of S is at 
most \S\. The set S has covering number k if and only if k is the smallest integer 
such that S is an independent set in the matroid M^ k \ The set X has covering 
number k if and only if 

Px < Pi < ■■■ < pk = \x\. 

Let X be a B 2 h-i,h-i-set contained in an abelian group. For every subset S 
of X , we define the Bh-covering number of S as the smallest integer k such that 
S = AiLi- ■ - UAk, where Ax, . . . , A k are B^-sets. Since {x} is a Bh-set for all x E X, 
it follows that every subset of X has a finite B/j-covering number. 

Theorem 5. Let X be a B2h-i,h-i-set contained in an abelian group, and let I be 
the Bh-covering number of X . For every positive integer k < £ there is a number 
nx(k) such that if S is a maximal subset of X whose Bh-covering number is k, 
then \S\ — nx(k). 

Proof. By Theorem^! M — M(X,I) is a matroid, where I is the set of B^-subsets 
of X. Let nx(k) denote the cardinality of the bases in the matroid M^ k \ The 
maximal subsets of X with i^-covering number k are precisely the bases in the 
matroid M^ k \ This completes the proof. □ 

Let Ii, I 2 , ■ ■ ■ , Ik be independent sets in a matroid M = M(X,X). We define 
I[ = Ix and Ij = Ij \ (Ix U • • • U Ij-x) for j = 2, . . . , k. Since every subset of an 
independent set is independent, it follows that the sets /{, 1'^, .. .,I' k are pairwise 
disjoint independent sets in M, and Ix UI2 U • • • U I k = I'x U I 2 U • • • U I' k . Therefore, 
every independent set in the matroid M^ k > can be written as the union of k pairwise 
disjoint independent sets in M . In particular, if X has covering number fc, then X 
is the union of k pairwise disjoint nonempty independent subsets of X. 
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Let p = (fix, . . . , fi r ) be a partition of \X\, that is, fix, 1^2, ■ ■ ■ ,fir are positive 
integers such that /Ui + ^2 + • • • + fJ-r = \X\ and fix > fii > • • • > /Lt r . A /i- 
covering of the matroid Af = M(X,2") consists of r pairwise disjoint independent 
sets Ix , I2, ■ ■ ■ j It such that 

X = Ix U h U • • • U I r 

and 

\Ij\=fij for j = 1,2, . . . ,r. 
Let A; be the covering number of the matroid M. Dias da Silva £Q proved that there 
exists a /i-covering of X if and only if k < r and pj > fi± + • • • + /ij for j = 1, . . . , k. 

Theorem 6. Let X be a B2h-\,h-\-set contained in an abelian group, and let k 
be the B^-covering number of X. For j = l,...,k, let pj denote the maximum 
cardinality of a union of j B^-subsets of X . Let p — (fix, . . . , p r ) be any partition 
of\X\. There exist pairwise disjoint Bh-sets Ix,---,I r such that 

X = Ix U • • • U I r 

and \Ij\ = pj for j — 1, . . . , r if and only if r > k and pj > fix + • • • + flj for 
j = l,...,k. 

Proof. This follows immediately from the fact that the -B^-sets are the independent 
sets of a matroid on X. □ 
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